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Abstract-The authors consider second-order difference equations of the type 
A ((~~~)“) + w&,, = 0, (E) 
where cz 10 is the ratio of odd positive integers, {qn} is a positive sequence, and {u(n)} is a positive 
increasing sequence of integers with o(n) -+ co as n + cc. They give some oscillation and comparison 
results for equation (E). @ 2001 Else&x Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In this paper, we study the oscillatory behavior of second-order half-linear difference equations 
of the type 
A ((Azln)“) + w:(n) = ‘4 
where n E Ne = {no, ne + 1, ns + 2,. . }, ns is a nonnegative integer, cx > 0 is the ratio of odd 
positive integers, {q,} is a positive sequence, and {c(n)} 1s an increasing sequence of positive 
integers with o(n) --t 00 as n + 00. 
By a sol&ion of equation (E), we mean a real sequence {gn} satisfying equation (E) for all n 2 
ns - M where M = infi>n,{u(i)}. A nontrivial solution {yn} in said to be nonosc&ztory if it 
is either eventually positive or eventually negative, and it is osciElatory otherwise. We will say 
that an equation is oscillatory if all its solutions are oscillatory. The problem of determining 
the oscillation and nonoscillation of solutions of difference equations has been a very active 
area of research in the last ten years, and for surveys of recent results, we refer the reader to 
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the monographs by Agarwal [1] and Agarwal and Wong [2]. Half-linear equations derive their 
name from the fact that if {yn} is a solution, then so is {cy,} for any constant c. Half-linear 
equations and their generalizations have received a good bit of attention in the literature in the 
last few years, and we cite as recent contributions the papers of Chen et al. [3,4], Li and Yeh [5], 
Thandapani et al. [6-11], and Wong and Agarwal [12]. 
In Section 2, we prove some new comparison results that are interesting in their own right as 
well as being useful in proving our oscillation results. In Section 3, we present our oscillation 
theorems, and give their proofs in Section 4. Section 5 contains ome examples to illustrate the 
oscillation theorems. 
2. COMPARISON THEOREMS 
We begin with a comparison lemma in a form that includes half-linear equations as a special 
case. Such results for differential equations can be found, for example, in the work of Onose [13]. 
If a = 1, i.e., the half-linear case is excluded, then Lemma 1 below can be viewed as a discrete 
form of the lemma in [13]. 
LEMMA 1. Let F(n, u) be a continuous function defined on No × R that is nondecreasing in u 
with sgn F(n, u) = sgn u, and let a and {a(n)} be as above. If the difference inequality 
+ F (n, < 0 (1) 
has an eventually positive solution, then so does the difference quation 
A ((Ayn)a) + F (n, ya(n)) = O. (2) 
PROOF. Let {xn} be an eventually positive sequence satisfying (1), and let N e No be such 
that x,  > 0 and Xa(n) > 0 for n > N. From (1), we have that {Axn} is decreasing for n > N, 
and so either Axn > 0 or Axn < 0 for n >_ N. However, the latter case violates the positivity 
of x~, so Axn > 0 for n _> N. Summing (1) from n to c~, we have 
where 
oc  
8~n 
w = lim (Ax,)  a > 0. 
n- -~oo 
Summing again from N to n - 1, we obtain 
for n > N. 
w+ , (31 
8=N t=s  
Now let N* = min {N, infn>N a(n)} and consider the Banach space BN. of all real sequences 
Y = {yn}, n > N*, with the supremum norm IIYII = SUPn>N. lYnl" We define a set S by 
8={YEBN.  :0_yn<xn,  n>N*}.  
Clearly, 8 is a bounded, closed, and convex subset of BN*. Define an operator 7" : 8 ~ BN. by { i)11o 
(TY)n-= XN+8=N ~ w+t=8 y~ F(t,y~(t) , n>_N, 
xn, N* < n < N. 
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Now T is continuous, and if Y E $, then 
(TY)n k XN k 0 
and 
(z 'Y).  _< xN + + F (t,x:<,) _< 
s=N t=s 
Thus, T,-q c $. Therefore, by the Schauder fixed-point heorem, T has a fixed point Y e S. 
Moreover, y~ = (TY)n satisfies 
y .  = + + , 
s=N t=s 
for n > N, from which it follows that {Yn} is a positive solution of the difference quation (2) 
for n > N. | 
The following comparison theorem will play an important role in proving our oscillation re- 
sults. Comparison theorems for two differential equations with different delays can be found, for 
example, in [14]. Some comparison theorems for difference quations with a = 1 can be found 
in [2, Section 19]. We compare quations (2) and 
A ((Ayn) ~) + G (n, Y~(n)) = 0, (4) 
where {5(n)} is an increasing sequence Of positive integers with 5(n) -* oc as n --* oo, and G : 
N0 x R -* R is continuous and nondecreasing in u with sgn G(n, u) = sgn u. 
THEOREM 2. Assume that 
and 
a(n) > 5(n) (5) 
F(n, u) sgn u > G(n, u) sgn u. (6) 
If equation (4) is oscillatory, then equation (2) is oscillatory. 
PROOF. Suppose that all solutions of (4) are oscillatory and equation (2) has an eventually 
positive nonoscillatory solution {xn}. As in the proof of Lemma 1, {Axn}, is eventually positive, 
so in view of (5) and (6), there exists N E No such that 
xa(n) >- x~(n) and F (n, xa(n) > G (n,x~(n)) , 
for n _> N. It follows that {xn} satisfies the difference inequality 
A ((Axn) ~) + G (n, x6(n)) <_ O, 
for n > N, and so Lemma 1 implies that (4) has a positive solution {Yn} for n _> N. | 
For the special case c~ = 1, the final result in this section becomes a discrete analogue of a 
comparison result of Mahfoud [15]. 
THEOREM 3. Suppose quation (2) has a nonoscillatory solution. Then for any positive increasing 
sequence of integers {7(n)} with 7(n) _> a(n) for n e N0, the equation 
t ( ( tZn)  ~) -~- F (o'-l( '}'(n)), Z3,(n)) = 0 (7) 
has a nonoscillatory solution, where a-  1 denotes the inverse function of a. 
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PROOF. Let {yn} be a nonoscillatory solution of equation (2), say, y,, > 0 for n 2 N E No. 
Summing 8s in the proof of Lemma 1, we obtain 
n-1 
yn=YN+C w+gw,Y,(t)) ( 
l/a 
, 
.9=N t=9 1 
for n > N where 
‘W = lim (AY,)~ > 0. 
n-m 
Since r-‘(a(n)) 5 n, letting t = c-l(r(n)), we see that 
and so we have 
s=N j=s 
for n 2 N. Let N* = min {N, infi>N a(i)} and define 
S={ZEL%l* :o<z, Iynn, n>N*}, 
where BN. is as before. Define an operator ‘T : S + a~. by 
It is not difficult to see that the hypotheses of Schauder’s fixed-point theorem are satiilied, and 
so there exists Z E S such that Z = TZ, that is, 
72-l l/O 
&I = VlN + c ( w + 2 F(~-w)L+(j)) 1 9 s=N j=s 
for n 2 N. From the above expression, it is easy to see that (2,) is a positive solution of (7) 
for ra > N. I 
The following corollary is a consequence of Theorem 3. It will be used in the proofs in Section 4. 
COROLLARY 4. Consider the difference equations (2) and 
A ((Az,)~) + F (c-‘(n), zn) = 0. (8) 
(i) If o(n) 2 n for n E plo and (2) has a nonoscillatory solution, then (8) has a nonoscilhtory 
solution. 
(ii) If o(n) 2 n for n E A0 and (8) has a nonoscillatory solution, then (2) has a nonoscillatory 
solution. 
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3. OSCILLAT ION THEOREMS 
Here, we show that some recent results obtained by Li and Yeh [5] for the equation 
A ((Ayn) a) + qnY~ = O, (A) 
which is equation (E) with a(n) = n (sometimes referred to as an "ordinary" difference quation 
in the literature) have counterparts for equations with delay (a(n) < n) and advanced (cr(n) > n) 
arguments. It is important o note that the oscillatory structure of solutions of equation (A) is 
the same as it is for linear difference quations (and linear and half-linear differential equations 
as well): either all solutions of (A) are oscillatory or all solutions are nonoscillatory. 
In our first theorem, we do not need that the sequence a(n) is increasing. In fact, it does not 
matter if a is a delay, an advanced argument, or a deviating argument, e.g., a(n) = n + sinn. 
THEOREM 5. I f  
then all solutions of (E) are oscillatory. 
oc  
Z qn = o0, (9) 
n~no 
Our next two theorems are for the cases where cr is an advanced argument and a delay, respec- 
tively. 
THEOREM 6. Suppose that 
and a(n) > n for all n E N0. 
(i) [_[either 
O_r 
oo 
qn < oo, (10) 
n~no 
OO 
l imsupn ~ Z qs >1 (11) 
n--~c~ s=n-b  l
oo  O~ ~ 
l iminf n a Z qs > (a+ 1) a+l '  (12) 
s=nq-1  
then all solutions of (E) are oscillatory. 
(ii) I£ 
oo  O~ ~ 
l imsup(a(n))a Z qs < (c~ + 1)a+ 1, (13) 
n--*oo s=a(nq-1)  
then equation (E) has a nonoscillatory solution. 
THEOREM 7. Suppose that (10) holds and a(n) < n for all n E No. 
(i) I f  either 
oo  
limsup(a(n))a Z qs > 1 (14) 
n-'-*O0 8~nUc l 
or 
l iminf(c(n))a Z qs > 
n- -~oo 
s=h+l 
then all solutions of (E) are oscillatory. 
(ii) I f  
oo  
lim sup n a E qs < 
n- -~oo 8----n-{-1 
(~-l)a+l '  
(o~ + 1)~+ 1' 
then equation (E) has a nonoscillatory solution. 
(15) 
(16) 
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4. PROOFS OF  OSCILLAT ION THEOREMS 
We begin with the proof of Theorem 5. 
PROOF OF THEOREM 5. Assume that equation (E) has an eventually positive solution {Yn}. 
Since {Ayn} is also eventually positive, there exist C > 0 and N E No such that Ya(n) >- C for 
all n > N. From a summation of (E), we see that 
Ca 
oo oo 
Z qn<_ ~ qn (Y"(n)) a<°° '  
n=N n=N 
and this contradicts (9). The proof that (E) has no eventually negative solution is similar and 
will be omitted. II 
In order to prove Theorems 6 and 7, we need the following result for the half-linear equation (A). 
It follows from results in the paper by Li and Yeh [5] although it does not appear in this same 
form there (see [5, Theorems 5.5 and 5.6]). 
LEMMA 8. Suppose that (10) holds. 
(i) If either 
or 
oo 
limsup na Z 
~--+CO 8=nq- I  
qs> l 
oo Ot a 
liminfn._.~ na Z qs > (a + 1) a+l 
S=n+l  
holds, then equation (A ) is oscillatory. 
(ii) If 
oo OtO~ 
limsup na ~ q~<(~+l ) 'h+l '  
n-+OO s=r~+l  
then equation (A) has a nonoscillatory solution. 
PROOF OF THEOREM 6. 
(i) Lemma 8(i) implies (A) is oscillatory. Since a(n) 
oscillatory. 
(ii) By Corollary 4(ii), equation (E) has a nonoscillatory solution if the equation 
(17) 
(18) 
(19) 
_> n, Theorem 2 implies that (E) is 
A ((Azn) a) + qa-'(n)Z,~ = 0 (20) 
has a nonosciUatory solution. By Lemma 8(ii), a sufficient condition for (20) to have a 
nonoscillatory solution is that 
co O~ ~ 
limsup n a Z qa-l(s) < (. 1)a+l  ' + 
~--+00 S----n+l 
which is equivalent to (13), and so the conclusion follows. II 
PROOF OF THEOREM 7. 
(i) From Corollary 4(i), equation (E) is oscillatory provided equation (20) is oscillatory. By 
Lemma 8(i), the oscillation of (20) is ensured by either of the conditions 
oo 
l imsupna Z qa- l (s )>l  (21) 
n--~oo s=n-b l  
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or 
oo O~ ~ 
liminf n" > (a + 1).+1. (22) 
s=n-}- I 
To complete the proof, it suffices to observe that (21) and (22) axe equivalent o (14) 
and (15), respectively. 
(ii) Suppose that (16) holds. Then, Lemma 8(ii) implies that equation (A) has a nonoscillatory 
solution. In view of Theorem 2, we see that equation (E) has a nonoscillatory solution. | 
5. EXAMPLES 
In this section, we present wo examples to illustrate the oscillation results established above. 
Consider the difference quation 
n Yan+b 0, n > no _> 1, (El) 
where ~ is the ratio of odd positive integers, a is a positive integer, and b is any integer. Sup- 
pose N > 0 is large enough so that an + b > 1 fo rn  > N > no. Since 
oo 1 
Z - - - co ,  
n 
s=N 
by Theorem 5, equation (El) is oscillatory. 
Next, consider the equation 
1 
A + Yan+b = 0, n _> no _> 1, (E2) 
where a and b are as in (El), ¢~ _> 2 is an integer, and n (~) = n(n + 1). . .  (n + ~ - 1). Then 
~ 1 
s=N 
and 
{11 
2  <1+o, 
lira n a ~ 1 -- /~=1+~,  
n--*oo ~ ~ OL 
8=n+1 0, /? > 1 + (~. 
Now by Theorems 6 and 7, equation (E2) is oscillatory if 2 </~ < 1 + c~ and has a nonoscillatory 
solution if f~ > 1 + ~. For the case an + b >_ n for n > no and/~ = 1 + a, Theorem 6 implies 
equation (E2) is oscillatory if either c~ < 1 or (c~/(~ + 1)) ~+1 < 1, and has a nonoscillatory 
solution if a s < (~/(c~ + 1)) a+l. Finally, if an + b < n, that is, a = 1 and b is a negative integer, 
and f~ = 1 +a,  then by Theorem 7, equation (E2) is oscillatory if either ~ < 1 or (a / (a  + 1)) ~+1 < 1, 
and has a nonoscillatory solution if 1 < (a / (a  + 1)) ~+1. 
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